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Abstract
In these notes we will survey recent results on various finitary approx-
imation properties of infinite groups. We will discuss various restrictions
on groups that are approximated for example by finite solvable groups or
finite-dimensional unitary groups with the Frobenius metric. Towards the
end, we also briefly discuss various applications of those approximation
properties to the understanding of the equational theory of a group.
1 Introduction
1.1 The setup
Let Γ be a finitely presented group, given by a finite generating set X :=
{x1, . . . , xk} and a finite setR ⊂ Fk = 〈X〉 of relations, i.e. Γ := 〈X |R〉 = Fk/N ,
where Fk denotes the free group on X and N = 〈〈R〉〉 the normal subgroup gen-
erated by R. Throughout the article, X and R will be fixed.
Very basic questions about Γ are usually hard to answer unless Γ can be re-
alised as a group of symmetries of a sufficiently concrete object, such as a finite
set, a finite-dimensional vector space or a metric space with suitable properties.
In the easiest situation, maybe Γ is residually finite, i.e. for any finite subset
F ⊂ Γ, there exists a homomorphism to a finite group ϕ : Γ → H , such that
the restriction of ϕ to F is injective. In order to overcome the algebraic and
arithmetic obstruction to the existence of finite quotients and finite-dimensional
unitary representations it is worthwhile to relax these notions. Informally speak-
ing, we will seek for asymptotic homomorphisms from Γ with values in a family
of (typically compact) metric groups. Let (G, d) be a metric group and assume
throughout the entire article that d : G×G→ [0,∞) is bi-invariant, i.e.
d(gh, gk) = d(h, k) = d(hg, kg), ∀g, h, k ∈ G.
Note that any bi-invariant metric is uniquely determined by the associated in-
variant length function ℓ(g) = d(1, g), which is a subadditive, symmetric and
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conjugation invariant, [0,∞)-valued function on G that takes the value 0 only
at 1G.
Well-known invariant length functions in this context include the normalized
Hamming distance on symmetric groups or various length functions induced by
unitarily invariant norms on groups of unitary matrices. Somewhat similarly,
there is a rank length function, which is defined if G ≤ GLn(q) for some n ∈ N
and q a prime power: ℓrankG (g) := n
−1 · rk(1− g). Another important example is
the conjugacy length function, which is defined by
ℓconj(g) := log|G||g
G|
for g ∈ G, where gG is the conjugacy class of g ∈ G, and G is a finite and
centerless group. If G is the alternating group or a finite simple group of Lie
type, then the conjugacy metric is comparable to the more geometrically defined
metrics above. A fundamental result in the work of Liebeck-Shalev [39] says
that the the conjugacy length is intrinsically tied to the algebraic properties
of G if G is simple: indeed, there exists an absolut constant c > 0, such that
(gG)ck = G if k > ℓconj(G)−1. Thus, the conjugacy length is also comparable
to the normalized word metric w.r.t. any sufficiently small conjugacy class. It
turns out that there is essentially just one invariant length function up to a
suitable notion of equivalence on a finite simple group.
1.2 Approximation and stability
Now we can define more precisely what we mean by metric approximation of an
abstract group by a class of metric groups C.
Definition 1.1. A group Γ is called C-approximated if there is a length function
δ : Γ→ [0,∞) such that for any finite subset S ⊆ Γ and ε > 0 there exist a group
(G, d) ∈ C and a map ϕ : Γ→ G, such that
(i) if g, h, gh ∈ S, then d(ϕ(g)ϕ(h), ϕ(gh)) < ε and
(ii) for g ∈ S we have d(1H , ϕ(g)) ≥ δ(g).
In some situations, we will only fix a class C of groups and let the choice of
bi-invariant metrics be arbitrary – we will also speak about C-approximability
in this context. The previous definition has emerged from various contexts,
including an influential work of Ulam [62], the work of Connes [10], Gromov
[25], Weiss [63] and later work [23, 27, 56].
Let us also introduce the closely related notion of asymptotic homomor-
phisms. Note that any map ϕ : X → G, for some (G, d) ∈ C, uniquely deter-
mines a homomorphism Fk → G which we will also denote by ϕ.
Definition 1.2. Let (G, d) ∈ C and let ϕ, ψ : X → G be maps. The defect of ϕ
is defined by
def(ϕ) := max
r∈R
d(ϕ(r), 1G).
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The distance between ϕ and ψ is defined by
dist(ϕ, ψ) = max
1≤i≤k
d(ϕ(xi), ψ(xi)).
The homomorphism distance of ϕ is defined by
HomDist(ϕ) := inf
π∈Hom(Γ,G)
dist(ϕ, π|X).
Definition 1.3. A sequence of maps ϕn : X → Gn, for (Gn, dn) ∈ C, is called
an asymptotic homomorphism with values in C if
lim
n→∞
def(ϕn) = 0.
Definition 1.4. Let Gn ∈ C, n ∈ N. Two sequences ϕn, ψn : X → Gn are called
equivalent if
lim
n→∞
dist(ϕn, ψn) = 0.
If an asymptotic homomorphism (ϕn)n∈N is equivalent to a sequence of homo-
morphisms, we call (ϕn)n∈N trivial.
It is easy to see that a group Γ = 〈X |R〉 is C-approximated if and only if
there is an asymptotic homomorphism with values in C that separates elements
in a suitable sense. Note that the existence of a finite presentation is assumed
mostly for convenience. Moreover, note that it is easy to see that the property
of being C-approximated depends only on Γ and not on the finite presentation.
Let us discuss some examples of C-approximated groups. We denote by Alt
(resp. Fin) the class of finite alternating groups (resp. the class of all finite
groups). A group is called sofic (resp. weakly sofic) if and only if it is Alt-
approximated (resp. Fin-approximated) as an abstract group, see [23]. The class
of sofic groups is of central interest in group theory. Indeed, eversince the work of
Gromov on Gottschalk’s Surjunctivity Conjecture [25], the class of sofic groups
has attracted much interest in various areas of mathematics. Major applications
of this notion arose in the work Elek and Szabo´ on Kaplansky’s Direct Finiteness
Conjecture [17], Lu¨ck’s Determinant Conjecture [18], and more recently in joint
work of the author with Klyachko on generalizations of the Kervaire-Laudenbach
Conjecture and Howie’s Conjecture [37]. Despite considerable effort, no non-
sofic group has been found so far – whether all groups are sofic is one of the
outstanding open problems in group theory.
Question 1.5 (Gromov). Are all groups sofic?
Examples of sofic groups which fail to be locally residually amenable are
given in [11] and [33] (see also [55]), answering a question of Gromov [25].
Groups approximated by certain classes of finite simple groups of Lie type
have been studied in [1] and [58, 59]. We will discuss approximation by groups
of unitary matrices, a central topic in the theory of operator algebras and free
probability theory, at length in Section 3.
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Non-approximation results are rare, however, in [56] it was proved that
the so-called Higman group cannot be approximated by finite groups with
commutator-contractive invariant length functions. In [30] Howie presented a
group which (by a result of Glebsky [24]) turned out not to be approximated
by finite nilpotent groups with arbitrary invariant length function. In Sections
2 and 3, we will survey more general results of this type that have been proved
recently in [43].
A central definition in the present context is the notion of stability that was
introduced in [12].
Definition 1.6. The group Γ is called C-stable if all asymptotic homomor-
phisms with values in C are trivial, that is: for all ε > 0 there exists δ > 0 such
that def(ϕ) < δ implies HomDist(ϕ) < ε for all ϕ : X → (G, d) with (G, d) ∈ C.
It is clear that any group Γ that is both C-approximated and C-stable is
residually a subgroup of groups in C. If C consists of finite groups or more
generally compact groups this readily implies that Γ must be residually finite.
This observation has been used in [12] to prove non-approximation results by
proving that certain groups are C-stable but not residually C, see Theorem 3.2.
1.3 Metric ultraproducts
Throughout these notes, we fix a non-principal ultrafilter U on N. Let (Gn)n∈N
be a family of groups, all equipped with bi-invariant metrics dn. In this case,
the subgroup
N =
{
(gn)n∈N ∈
∏
n∈N
Gn| lim
n→U
dn(gn, 1Gn) = 0
}
of the direct product
∏
n∈NGn is normal, so that we can define the metric
ultraproduct ∏
n→U
(Gn, dn) :=
∏
n∈N
Gn
/
N.
The relevance of metric ultraproducts becomes apparent in the following
folklore result:
Proposition 1.7. Let C is a class of metric groups. A group Γ = 〈X |R〉
is C-approximated if and only if it is isomorphic to a subgroup of a metric
ultraproduct of C-groups.
For more details on the algebraic and geometric structure of such ultraprod-
ucts see also [54] and [51, 58, 59]. In view of Proposition 1.7 it is natural to
generalize the notion of a C-approximated group to topological groups using
ultraproducts:
Definition 1.8. A topological group is called C-approximated if it is topologi-
cally isomorphic to a closed subgroup of a metric ultraproduct of C-groups.
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We will constrain ourselves to Polish groups and countable ultraproducts,
but that is just for convenience. Typically, for example in the context of sofic
or weakly sofic groups, it is easy to see that an abstract C-approximated group
is also C-approximated when viewed as a topological group with the discrete
topology. It is clear that any Fin-approximated topological group must admit
a bi-invariant metric that induces the topology. We will discuss various less
obvious restrictions on Fin-approximability in Section 2.3.
In view of the definition of metric ultraproducts, any approximation property
for a group Γ by a class of compact groups leads to an embedding into a quotient
of a compact group.
Question 1.9. Is any group a sub-quotient of a compact group?
2 Weak soficity and the pro-finite topology
2.1 Connections with the pro-finite topology
In this section, we want to survey some recent results that were proved in joint
work with Nikolov and Schneider, see [43]. The main insight that helped us
was to combine the relationship between soficity and properties of the pro-
finite topology that was established by Glebsky-Rivera [24] with the deep work
on finite groups by Nikolov-Segal [44, 53]. Let C be a class of finite groups.
Adapting Theorem 4.3 of [24], one can prove the following theorem relating
C-approximated groups to properties of the pro-C topology on a free group:
Theorem 2.1 ([43]). Let Fk/N be a presentation of a group Γ. Then, if Γ is
C-approximated, for each finite sequence n1, . . . , nm ∈ N it holds that
nF1 · · ·n
F
m ⊆ N,
where the closure is taken in the pro-C topology on Fk. The converse holds
under mild assumptions on C.
The coarsest such topology on Fk is of course the pro-finite topology and
at the time of writing of [24] it was an open problem to decide whether a
finite product of conjugacy classes in a non-abelian free group is always closed
in this topology. As has been remarked in [43], it is a rather straightforward
consequence of the work of Nikolov-Segal (see [44] or Theorem 2.7) that this is
not the case. Indeed, one of their main results implies that in Fk the profinite
closure of a finite product of conjugacy classes of x−11 , x1, . . . , x
−1
k , xk contains
the entire commutator subgroup, while it is a well known fact (see Theorem 3.1.2
of [53]) that the commutator width of Fk is infinite if k > 1. This implication
was first observed by Segal and independently discovered by Gismatullin. In
view of this observation it seems unlikely that the pro-finite closure is always
contained in the normal closure, but this remains an open problem.
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Question 2.2 (Glebsky-Rivera, [24]). Let n1, . . . , nm ∈ Fk. Is it true, that
nF1 · · ·n
F
m ⊆ 〈〈n1, . . . , nm〉〉,
where the closure is taken in the pro-finite topology on Fk?
In general, there are quite a number of mysteries that can be formulated in
terms of closure properties of the pro-C topology for particular more restricted
families of groups. Indeed, let us just mention a question from [31].
Question 2.3 (Herwig-Lascar, [31]). It is easy to see that if a finitely generated
subgroup H < Fk is closed in the pro-odd topology, then it satisfies a
2 ∈ H ⇒
a ∈ H . Is the converse true?
2.2 Approximation by classes of finite groups
For more restricted families of groups, the answer to Question 2.2 becomes neg-
ative. Indeed, let Sol (resp. Nil) be the class of finite solvable (resp. nilpotent)
groups. In view of Theorem 2.1 this implies that there are groups which are not
Sol-approximated. More precisely, we proved:
Theorem 2.4 ([43]). Every finitely generated Sol-approximated group has a
non-trivial abelian quotient.
As a consequence, perfect groups cannot be Sol-approximated and a finite
group is Sol-approximated if and only if it is solvable. Indeed, any finite solv-
able group is clearly Sol-approximated and on the other hand, a non-solvable
finite group contains a non-trivial perfect subgroup and hence cannot be Sol-
approximated by Theorem 2.4.
Initially, Howie proved in [30] that the group 〈x, y|x−2y−3, x−2(xy)5〉 is not
Nil-approximated. We followed his proof for any non-trivial finitely generated
perfect group and then extended it in [43] and established that these groups are
not even Sol-approximated using techniques of Segal [52, 53].
Note that finite generation is crucial in the statement of Theorem 2.4. In-
deed, there exist countably infinite locally finite-p groups which are perfect and
even characteristically simple, see [41]. These groups are Nil-approximated,
since finite p-groups are nilpotent. It is known that locally finite-solvable groups
cannot be non-abelian simple, but it seems to be an open problem if there exist
Sol-approximated simple groups.
Let us also remark, that the assumptions of Theorem 2.4 are not enough
to conclude that a finitely generated Sol-approximated group has an infinite
solvable quotient. Indeed, consider a suitable congruence subgroup of SL(3,Z),
which is residually p-finite and thus even Nil-approximated and has Kazhdan’s
property (T) – thus all amenable quotients are finite. However, the following
seems to be an open problem.
Question 2.5. Is every finitely presented and Sol-approximated group residu-
ally finite-solvable?
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Even more, it could be that all finitely presented groups are Sol-stable (in
a suitable sense). A positive answer to the previous question would be in sharp
contrast to other forms of approximability. Indeed, for example the Baumslag-
Solitar group BS(2, 3) is not residually finite, but residually solvable and hence
sofic and in particular Fin-approximated.
Let us finish this section by mentioning some structure result on the class
of Fin-approximated groups. Let PSL be the class of simple groups of type
PSL(n, q), i.e. n ∈ N≥2 and q is a prime power and (n, q) 6= (2, 2), (2, 3), and
recall that Fin is the class of all finite groups. In [43] we prove the following
result.
Theorem 2.6 ([43]). Any non-trivial finitely generated Fin-approximated group
has a non-trivial PSL-approximated quotient. In particular, every finitely gen-
erated simple and Fin-approximated group is PSL-approximated.
The proof makes use of seminal results of Liebeck-Shalev [39] and Nikolov-
Segal [44]. The previous result may be seen as a first step towards a proof that
all Fin-approximated groups are sofic.
2.3 Approximability of Lie groups
Let us explain how a theorem of Nikolov-Segal allows us to deduce two results
concerning the approximability of Lie groups by finite groups and one result on
compactifications of pseudofinite groups.
Theorem 2.7 (Theorem 1.2 of [44]). Let g1, . . . , gm be a symmetric generating
set for the finite group G. If K E G, then
[K,G] =

 m∏
j=1
[K, gj]


e
,
where e only depends on m.
The following result is an immediate corollary of Theorem 2.7.
Corollary 2.8 ([43]). Let G be a finite group, then for g, h ∈ G and k ∈ N we
have
[gk, hk] ∈
(
[G, g][G, g−1][G, h][G, h−1]
)e
for some fixed constant e ∈ N that is independent of G.
We deduce immediately that the same conclusion holds for any quotient of a
product of finite groups and in particular, for any metric ultraproduct of finite
groups. Combining the finitary approximation with the local geometry of Lie
groups we obtain the following consequence.
Theorem 2.9 ([43]). A connected Lie group is Fin-approximated as a topolog-
ical group if and only if it is abelian.
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Indeed, this is a direct consequence of the following auxiliary result:
Lemma 2.10. Let ϕ, ψ : R → (H, ℓ) =
∏
U (Hi, ℓi) be continuous homomor-
phisms into a metric ultraproduct of finite metric groups with bi-invariant met-
rics. Then, the images of ϕ and ψ commute.
Note that Theorem 2.9 provides an answer to Question 2.11 of Doucha [15]
whether there are groups with invariant length function that do not embed in
a metric ultraproduct of finite groups with invariant length function. Note also
that the topology matters a lot in this context. Indeed, it can be shown that any
compact Lie group is a discrete subgroup of a countable metric ultraproduct of
finite groups, see [43].
When one restricts the class of finite groups further and approximates with
symmetric groups, one can not even map the real line R non-trivially and contin-
uously to a metric ultraproduct of such groups with invariant length function.
Indeed, for the symmetric group Sym(n), it can be shown that all invariant
length functions ℓ on it satisfy ℓ(σk) ≤ 3ℓ(σ), for every k ∈ Z and σ ∈ Sym(n).
Using this identity, it is simple to deduce that the only continuous homomor-
phism of R into a metric ultraproduct of finite symmetric groups with invariant
length function is trivial.
Referring to a question of Zilber [65, p. 17] (see also Question 1.1 of Pillay
[49]) whether a compact simple Lie group can be a quotient of the algebraic
ultraproduct of finite groups, we obtained the following second application of
Corollary 2.8:
Theorem 2.11 ([43]). Let G be a Lie group equipped with an bi-invariant metric
generating its topology. If G is an abstract quotient of a product of finite groups,
then G has abelian identity component.
The proof of this result is almost identical to the proof of Theorem 2.9. Theo-
rem 2.11 implies that any compact simple Lie group, the simplest example being
SO(3,R), is not a quotient of a product of finite groups, answering the questions
of Zilber and Pillay. Note also that these results are vast generalizations of an
ancient result of Turing [61].
Moreover, Theorem 2.11 remains valid if we replace the product of finite
groups by a pseudofinite group, i.e. a group which is a model of the theory of all
finite groups. It then also provides a negative answer to Question 1.2 of Pillay
[49], whether there is a surjective homomorphism from a pseudofinite group to
a compact simple Lie group.
By a compactification of an abstract group G, we mean a compact group
C together with a homomorphism ι : G → C with dense image. Pillay conjec-
tured that the Bohr compactification (i.e. the universal compactification) of a
pseudofinite group has abelian identity component (Conjecture 1.7 in [49]). We
answer this conjecture in the affirmative by the following result:
Theorem 2.12 ([43]). Let G be a pseudofinite group. Then the identity com-
ponent of any compactification ι : G→ C is abelian.
Again, the proof is an application of Corollary 2.8.
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3 Approximation by unitary matrices
3.1 The choice of the metric
We will now focus on approximation of groups by unitary matrices. Today,
the theme knows many variations, ranging from operator-norm approximations
that appeared in the theory of operator algebras [5, 9] to questions related to
Connes’ Embedding Problem, see [10, 48] for details. Several examples of this
situation have been studied in the literature:
(1) Gn = U(n), where the metric dn is induced by the Hilbert-Schmidt norm
‖T ‖HS =
√
n−1
∑n
i,j=1 |Tij |
2. In this case, approximated groups are
sometimes called hyperlinear [48], but we choose to call them Connes-
embeddable.
(2) Gn = U(n), where the metric dn is induced by the operator norm ‖T ‖op =
sup‖v‖=1 ‖Tv‖. In this case, groups which are (Gn, dn)
∞
n=1-approximated
are called MF, see [9].
(3) Gn = U(n), where the metric dn is induced by the unnormalized Hilbert-
Schmidt norm ‖T ‖Frob =
√∑n
i,j=1 |Tij |
2, also called Frobenius norm. We
will speak about Frobenius-approximated groups in this context, see [12].
Let us emphasize that the approximation properties are local in the sense
that only finitely many group elements and their relations have to be considered
at a time. This is in stark contrast to the uniform situation, which – starting
with the work of Grove-Karcher-Ruh and Kazhdan [26, 34] – is much better
understood, see [7, 13].
Again, there are longstanding problems that ask if any group exists which
is not approximated in the sense of (1), a problem closely related to Connes’
Embedding Problem [10, 48].
Question 3.1 (Connes, [10]). Is every discrete group Connes-embeddable?
Connes’ Embedding Problem has many incarnations and we want to mention
only a few of them, see [46, 48] for more details. The most striking alternative
formulation is due to Kirchberg, who showed that Connes’ Embedding Problem
has an affirmative answer if and only if the group F2 × F2 is residually finite
dimensional, i.e. if the finite-dimensional unitary representations of this group
are dense in the unitary dual equipped with the Fell topology.
Kirchberg [5] conjectured that any stably finite C∗-algebra is embeddable
into an norm-ultraproduct of matrix algebras, implying a positive answer to the
approximation problem in the sense of (2) for any group. Recent breakthrough
results imply that any amenable group is MF, i.e. approximated in the sense of
(2), see [60].
Approximation in the sense of (3) is known to be more restrictive – as
has been shown in [12]. Indeed, in joint work with De Chiffre, Glebsky, and
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Lubotzky [12], a conceptually new technique was introduced, that allowed to
provide groups that are not approximated in the sense of (3) above. An analo-
gous result for the normalized Frobenius norm would answer the Connes’ Em-
bedding Problem. Even though we had little to say about Connes’ Embedding
Problem, we believe that we provided a promising new angle of attack.
Theorem 3.2 ([12]). There exists a finitely presented group, which is not
Frobenius-approximated. Specifically, we can take a certain central extension
of a lattice in U(2n) ∩ Sp(2n,Z[i, 1/p]) for a large enough prime p and n ≥ 3.
The key insight was that there exists a cohomological obstruction (in the
second cohomology with coefficients in a certain unitary representation) to the
possibility of improving the asymptotic homomorphism. The use of cohomo-
logical obstructions goes in essence back to the pioneering work Kazhdan [34]
on stability of (uniform) approximate representations of amenable groups. The
main result of [12] is the following theorem.
Theorem 3.3 ([12]). Let Γ be a finitely presented group such that
H2(Γ,Hπ) = 0
for every unitary representation π : Γ → U(Hπ). Then, any asymptotic homo-
morphism ϕn : Γ→ U(n) w.r.t. the Frobenius norm is asymptotically close to a
sequence of homomorphisms, i.e. Γ is Frobenius-stable.
It is well-known that a discrete group has Kazhdan’s property (T) if and
only if H1(Γ,Hπ) = 0 for all unitary representations. In [12], the notion of a
group to be n-Kazhdan was introduced as a vanishing condition of cohomology in
dimension n with coefficients in arbitrary unitary representations, see Definition
3.8. Important work by Garland [20] and Ballmann-S´wia֒tkowski [3] provides
first examples of 2-Kazhdan groups. However, those groups all act on Bruhat-
Tits buildings of higher rank and thus are residually finite. The remaining
delicate work was then to show that nevertheless there do exist finitely presented
groups which are 2-Kazhdan and are not residually finite. The method in [12] is
based on Deligne’s construction [14] of a non-residually finite central extension
of a Sp(2n,Z).
Before we outline the definition of the cohomological obstruction to the pos-
sibility of improving an asymptotic homomorphism and consider a few examples,
let us mention a few open questions.
Question 3.4. Are all amenable (or even all nilpotent or solvable) groups
Frobenius-approximated?
Question 3.5. Is the class of Frobenius-approximated groups closed under
central quotients or crossed products by Z, compare with [47, 55]?
The analogue of Theorem 3.3 also holds for approximation in the sense of
(2) above. However, the corresponding cohomology vanishing results in order
to apply the theorem in a non-trivial situation are not available. Note that
Kirchberg’s conjecture discussed above implies that MF-stable groups should
be Ramanujan in the sense of [40].
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3.2 Cohomological obstructions to stability
In this secion, we want to outline how a cohomological obstruction to stability
can be obtained. Consider the family of matrix algebras Mn(C) equipped with
some unitarily invariant, submultiplicative norms ‖·‖n, say the Frobenius norms.
We consider the ultraproduct Banach space
MU :=
∏
n→U
(Mn(C), ‖·‖n),
and the metric ultraproduct
UU :=
∏
n→U
(U(n), d‖·‖n).
We can associate an element [α] ∈ H2 (Γ,
∏
n→U (Mn(C), ‖·‖)) to an asymp-
totic representation ϕn : X → U(n). This is done so that if [α] = 0, then
the defect can be diminished in the sense that there is an equivalent asymp-
totic representation ϕ′n with effectively better defect, more precisely def(ϕ
′
n) =
oU (def(ϕn)).
Note that an asymptotic representation as above induces a homomorphism
ϕU : Γ → UU on the level of the group Γ. Thus Γ acts on MU through ϕU .
We consider a section σ : Γ → Fk of the natural surjection Fk → Γ and have
σ(g)σ(h)σ(gh)−1 ∈ 〈〈R〉〉 for all g, h ∈ Γ. We set ϕ˜n = ϕn ◦ σ.
Let us now outline how to define an element in H2(Γ,MU ) associated to ϕn.
To this end we define cn := cn(ϕn) : Γ× Γ→ Mn(C) by
cn(g, h) =
ϕ˜n(g)ϕ˜n(h)− ϕ˜n(gh)
def(ϕn)
,
for all n ∈ N such that def(ϕn) > 0 and cn(g, h) = 0 otherwise, for all g, h ∈ Γ.
Then, it follows that for every g, h ∈ Γ, cn(g, h) is a bounded sequence, so
that the sequence defines a map
c = (cn)n∈N : Γ× Γ→ MU .
The map c is a Hochschild 2-cocycle with values in the Γ-module MU and
α(g, h) := c(g, h)ϕU (gh)∗ is a 2-cocycle in the usual group cohomology. We call
α the cocycle associated to the sequence (ϕn)n∈N.
Assume now that α represents the trivial cohomology class in H2(Γ,MU ),
i.e. there exists a map β : Γ→ MU satisfying
α(g, h) = ϕU (g)β(h)ϕU (g)∗ − β(gh) + β(g), g, h ∈ Γ.
Then, we have β(1Γ) = 0, β(g) = −ϕU (g)β(g−1)ϕU (g)∗ and
c(g, h) = ϕU (g)β(h)ϕU (h)− β(gh)ϕU (gh) + β(g)ϕU (gh).
Furthermore, we can choose β(g) to be skew-symmetric for all g ∈ Γ. Now let
β be as above and let βn : Γ→ Mn(C) be any bounded and skew-symmetric lift
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of β. Then exp(− def(ϕn)βn(g)) is a unitary for every g ∈ Γ, so we can define
a sequence of maps ψn : Γ→ U(n) by
ψn(g) = exp(− def(ϕn)βn(g))ϕ˜n(g).
Note that since ϕ˜n(1Γ) = 1n and βn(1Γ) = 0, we have ψn(1Γ) = 1n. It follows
easily that ψn|X is an asymptotic representation with
def(ψn|X) = OU (def(ϕn)),
but we prove that the defect of ψn|X is actually oU (def(ϕn)). If we define the
asymptotic representation ϕ′n : X → U(n) by ϕ
′
n = ψn|X , the conclusion can be
summarized as follows:
Theorem 3.6 ([12]). Let Γ = 〈X |R〉 be a finitely presented group and let
ϕn : X → U(n) be an asymptotic representation with respect to a family of sub-
multiplicative, unitarily invariant norms. Assume that the associated 2-cocycle
α = α(ϕn) is trivial in H
2(Γ,MU ). Then there exists an asymptotic represen-
tation ϕ′n : X → U(n) such that
dist(ϕn, ϕ
′
n) = OU (def(ϕn)) and def(ϕ
′
n) = oU (def(ϕn)).
The converse of Theorem 3.6 is also valid in the following sense.
Proposition 3.7 ([12]). Let Γ = 〈X |R〉 be a finitely presented group, let
ϕn, ψn : X → U(n) be asymptotic representations with respect to some fam-
ily of submultiplicative, unitarily invariant norms and suppose
• dist(ϕn, ψn) = OU (def(ϕn)) and
• def(ψn) = oU (def(ϕn)).
Then, the 2-cocycle α associated with (ϕn)n∈N is trivial in H2(Γ,MU ). In par-
ticular, if ϕn is sufficiently close to a homomorphism for n large enough, then
α is trivial.
It remains to observe that in case of the Frobenius-norm, the ultraproduct
MU is a Hilbert space and the action of Γ is given by a unitary representation.
Together with a somewhat subtle minimality argument this proves Theorem 3.3.
It is now clear that we are in need of large classes of groups for which general
vanishing results for the second cohomology with Hilbert space coefficients can
be proven. We will discuss some aspects of this problem in the next section.
3.3 Cohomology vanishing and examples of n-Kazhdan
groups
Recall that if Γ is a finitely generated group, then Γ has Kazhdan’s Property
(T) if and only if the first cohomology H1(Γ,Hπ) vanishes for every unitary
representation π : Γ → U(Hπ) on a Hilbert space Hπ, see [4] for a proof and
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more background information. We will consider groups for which the higher
cohomology groups vanish. Higher dimensional vanishing phenomena have been
studied in various articles, see for example [2, 3, 16, 45].
In [12], we proposed the following terminology.
Definition 3.8. Let n ∈ N. A group Γ is called n-Kazhdan if Hn(Γ,Hπ) = 0
for all unitary representations (π,Hπ) of Γ. We call Γ strongly n-Kazhdan, if
Γ is k-Kazhdan for k = 1, . . . , n.
So 1-Kazhdan is Kazhdan’s classical property (T). See [2,45] for discussions
of other related higher dimensional analogues of Property (T). Let’s discuss
briefly one source of n-Kazhdan groups for n ≥ 2. Let K be a non-archimedean
local field of residue class q, i.e. if O ⊂ K is the ring of integers and m ⊂ O
is its unique maximal ideal, then q = |O/m|. Let G be a simple K-algebraic
group of K-rank r and assume that r ≥ 1. The group G := G(K) acts on
the associated Bruhat-Tits building B. The latter is an infinite, contractible,
pure simplicial complex of dimension r, on which G acts transitively on the
chambers, i.e. the top-dimensional simplices. Let Γ be a uniform lattice in G,
i.e. a discrete cocompact subgroup of G. When Γ is also torsion free, then
the quotient X := Γ\B is a finite r-dimensional simplicial complex and Γ =
π1(X). In particular, the group Γ is finitely presented. We will use the following
theorem which essentially appears in work of Ballmann-S´wia֒tkowski [3] building
on previous work of Garland [20].
Theorem 3.9 (Garland, Ballmann-S´wia֒tkowski). For every natural number
r ≥ 2, there exists q0(r) ∈ N such that the following holds. If q ≥ q0(r) and G
and Γ are as above, then Γ is strongly (r − 1)-Kazhdan. In particular, if r ≥ 3,
then Γ is 2-Kazhdan.
It is very natural to wonder what happens in the analogous real case. It
is worth noting that already H5(SLn(Z),R) is non-trivial for n large enough
[6]; thus SLn(Z) fails to be 5-Kazhdan for n large enough. Similarly, note that
H2(Sp(2n,Z),R) = R for all n ≥ 2 [6], so that the natural generalization to
higher rank lattices in real Lie groups has to be formulated carefully; maybe
just by excluding an explicit list of finite-dimensional unitary representations.
Question 3.10 ([12]). Is it true that SLn(Z) is 2-Kazhdan for n ≥ 4?
It is worthwhile to return to the remark that Theorem 3.6 and the analogue
of Theorem 3.3 is valid if one replaces ‖·‖Frob with any submultiplicative norm
‖·‖ and the assumption that H2(Γ, V ) = {0} whenever V =
∏
n→U (Mn(C), ‖·‖)
equipped with some action of Γ. This, for instance, gives a sufficient condition
for stability with respect to the operator norm, but it seems difficult to prove
the existence of a group Γ with vanishing second cohomology in this case. The
following question seems more approachable.
Question 3.11. Can the above strategy be used to prove stability results w.r.t.
to the Schatten-p-norm?
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The techniques rely on submultiplicativity of the norm and thus cannot
be directly applied to the normalized Hilbert-Schmidt norm ‖·‖HS. However,
it is worth noting, that since 1√
k
‖A‖Frob = ‖A‖HS ≤ ‖A‖op ≤ ‖A‖Frob for
A ∈Mk(C), we get the following immediate corollary to Theorem 3.3.
Corollary 3.12 ([12]). Let Γ = 〈X |R〉 be a finitely presented 2-Kazhdan group
and let ϕn : X → U(n) be a sequence of maps such that
def(ϕn) = oU (n−1/2),
where the defect is measured with respect to either ‖·‖HS or ‖·‖op. Then ϕn is
equivalent to a sequence of homomorphisms.
The preceding corollary provides some quantitative information on Connes’
Embedding Problem. Indeed, if a finitely presented, non-residually finite, 2-
Kazhdan group is Connes-embeddable, then there is some upper bound on the
quality of the approximation in terms of the dimension of the unitary group.
Needless to say it would be very interesting to decide if groups as above are
Connes-embeddable. A positive answer to Question 3.11 for p > 2 should lead
to improvements in Corollary 3.12.
4 Applications to group theory
4.1 The basic setup
For any group Γ, an element w in the free product Γ ∗ Fk determines a word
map w : Γ×n → Γ given by evaluation. Let us denote by ε : Γ ∗ Fk → Fk the
natural augmentation which sends Γ to the neutral element and call ε(w) the
content of w. We call w ∈ Γ ∗ Fk a group word in k variables with coefficients
in Γ. Every group word w ∈ Γ ∗ Fk determines an equation w(X) = 1 in k
variables with coefficients in Γ in an obvious way. We say that w ∈ Γ ∗ Fk can
be solved over Γ if there exists an overgroup Λ ⊇ Γ and g1, . . . , gk ∈ Λ such
that w(g1, . . . , gk) = 1, where 1 denotes the neutral element in Λ. Similarly, we
say that it can be solved in Γ if we can take Λ = Γ. It is clear that an equation
w ∈ Γ ∗ Fk can be solved over Γ if and only if the natural homomorphism
Γ → Γ ∗ Fk/〈〈w〉〉 is injective. Similarly, an equation can be solved in Γ if and
only if the natural homomorphism Γ→ Γ ∗Fk/〈〈w〉〉 is split-injective, i.e., it has
a left inverse.
The study of equations over groups dates back to the work of Bernhard
Neumann [42]. There is an extensive literature about equations over groups,
including [21, 22, 29, 36–38, 42, 50]. In this section, we plan to survey some
observations and results that were obtained in joint work with Klyachko [37].
Let us start with an observation. It is well-known that not all equations
with coefficients in Γ are solvable over Γ. For example if Γ = 〈a, b|a2, b3〉, then
the equation w(x) = xax−1b with variable x is not solvable over Γ. Indeed,
a and b cannot become conjugate in any overgroup of Γ. Another example
involving only one kind of torsion is Γ = Z/pZ = 〈a〉 with the equation w(x) =
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xax−1axa−1x−1a−2. However, in both cases we have ε(w) = 1 ∈ Fk. Indeed,
the only known examples of equations which are not solvable over some Γ are
equations whose content is trivial. We call an equation w ∈ Γ ∗ Fk singular if
its content is trivial, and non-singular otherwise. This leads to the following
question:
Question 4.1 ([37]). Let Γ be a group and w ∈ Γ ∗ Fk be an equation in n
variables with coefficients in Γ. If w is non-singular, is it true, that it is solvable
over Γ? In addition, if Γ is finite, can we find a solution in a finite extension?
The case k = 1 is the famous Kervaire-Laudenbach Conjecture. The one-
variable case was studied in work by Gerstenhaber-Rothaus, see [22]. They
showed that if Γ is finite, then every non-singular equation in one variable can be
solved in a finite extension of Γ. Their proof used computations in cohomology
of the compact Lie groups U(n). Their strategy was to use homotopy theory to
say that the associated word map w : U(n)→ U(n) has a non-vanishing degree
(as a map of oriented manifolds) and thus must be surjective. Any preimage
of the neutral element provides a solution to the equation w. The key to the
computation of the degree is to observe that the degree depends only on the
homotopy class of w and thus – since U(n) is connected – does not change if w is
replaced by ε(w). The computation of the degree is now an easy consequence of
classical computations of Hopf [28]. We conclude that any non-singular equation
in one variable with coefficients in U(n) can be solved U(n) – thus U(n) deserves
to be called algebraically closed.
The property of being algebraically closed is easily seen to pass to arbitrary
Cartesian products of groups and arbitrary quotients of groups. As a conse-
quence, non-singular equations in one variable with coefficients in Γ as above
can be solved over Γ if Γ is isomorphic to a subgroup of a quotient of the infinite
product
∏
nU(n) – an observation that is due to Pestov [48]:
Theorem 4.2 ([48]). The Kervaire-Laudenbach Conjecture holds for Connes-
embeddable groups.
Note that this covers all amenable groups, or more generally, all sofic groups
[48]. As we have discussed, the Connes’ Embedding Conjecture predicts (among
other things) that every countable group is Connes-embeddable and thus implies
the Kervaire-Laudenbach Conjecture – this was also observed by Pestov in [48].
Actually, Gerstenhaber-Rothaus [22] studied the more involved question
whether m equations of the form w1, . . . , wm ∈ Γ ∗ Fk in k variables can be
solved simultaneously over Γ. Their main result is that this is the case if Γ
is finite (or more generally, locally residually finite) and the presentation two-
complex X := K〈X |ε(w1), . . . , ε(wm)〉 satisfies H2(X,Z) = 0, i.e., the second
homology of X with integral coefficients vanishes.
Later, Howie [29] proved the same result for locally indicable groups and
conjectured it to hold for all groups – we call that Howie’s Conjecture. Again,
Connes’ Embedding Conjecture implies Howie’s Conjecture – and more specifi-
cally, every Connes-embeddable group satisfies Howie’s Conjecture.
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4.2 Topological methods to prove existence of solutions
The main goal of [37] was to provide examples of singular equations in many
variables which are solvable over every Connes-embeddable group, where the
condition on the equation only depends on its content. Indeed, we gave a positive
answer to Question 4.1 when k = 2 in particular cases. This should be compared
for example with results of Gersten [21], where the conditions on w depended
on the unreduced word obtained by deleting the coefficients from w.
Theorem 4.3 ([37]). Let Γ be a Connes-embeddable group. An equation in two
variables with coefficients in Γ can be solved over Γ if its content does not lie in
[F2, [F2,F2]]. Moreover, if Γ is finite, then a solution can be found in a finite
extension of Γ.
In order to prove our main result we had to refine the study of Gerstenhaber-
Rothaus on the effect of word maps on cohomology of compact Lie groups.
Again, the strategy is to show that such equations can be solved in SU(n) for
sufficiently many n ∈ N. More specifically, we proved:
Theorem 4.4 ([37]). Let p be a prime number and let w ∈ SU(p) ∗ F2 be a
group word. If
ε(w) 6∈ [F2,F2]
p[F2, [F2,F2]],
then the equation w(a, b) = 1 can be solved in SU(p).
If ε(w) 6∈ [F2,F2], then this theorem is a direct consequence of the work of
Gerstenhaber-Rothaus. However, if ε(w) ∈ [F2,F2], then a new idea is needed.
We showed – under the conditions on p which are mentioned above – that
the induced word map w : PU(p) × PU(p) → SU(p) is surjective, where SU(p)
denotes the special unitary group and PU(p) its quotient by the center. Again,
the strategy was to replace w by the much simpler and homotopic map induced
by ε(w) and study its effect on cohomology directly.
The proof is a tour de force in computing the effect of ε(w) : PU(p) ×
PU(p) → SU(p) in cohomology with coefficients in Z/pZ. Using fundamen-
tal results of Serre, Bott, and Baum-Browder on the p-local homotopy type
of spheres, lens spaces and projective unitary groups and finally computations
of Kishimoto and Kono [35], we managed to show that the image of the top-
dimensional cohomology class of SU(p) is non-trivial. This implies that no map
that is homotopic to ε(w) can be non-surjective. In particular, we can conclude
as in the arguments of Gerstenhaber-Rothaus that w : PU(p)×PU(p)→ SU(p)
must be surjective.
In general, the assumption on ε(w) cannot be omitted in the previous theo-
rem. Indeed, in previous work the following result (independently obtained by
Elon Lindenstrauss) was shown.
Theorem 4.5 ([57]). For every k ∈ N and every ε > 0, there exists w ∈ F2\{e},
such that
‖w(a, b)− 1n‖ < ε, ∀a, b ∈ SU(k).
In particular, the equation w(a, b) = g is not solvable when ‖g − 1n‖ ≥ ε.
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The construction that proves the preceding theorem yields words in F2 that
lie deep in the derived series, so that there is no contradiction with Theorem
4.4.
The surjectivity of word maps without coefficients is an interesting subject
in itself. Larsen conjectured that for each non-trivial w ∈ F2 and n high enough,
the associated word map w : PU(n) × PU(n) → PU(n) is surjective. This was
shown (with some divisibility restrictions on n) for words not in the second
derived subgroup of F2 by Elkasapy and the author in [19].
In a similar direction, we believe that for n high enough – or again, with
some divisibility restrictions – the word map w should define a non-trivial homo-
topy class and be not even homotopic to a non-surjective map. In this context
let us mention some questions that appear naturally at the interface between
homotopy theory and the study of word maps. Given a topological group G, it
is natural to study the group of words modulo those which are null-homotopic.
Indeed, we set
Nn,G := {w ∈ Fk|w : G
n → G is homotopically trivial}
and define Hn,G := Fk/Nn,G.
Question 4.6. Can we compute H2,SU(n)?
See [32,64] for partial information about Hn,G in special cases. For example,
it follows from classical results of Whitehead thatHG is k-step nilpotent for some
k ≤ 2 dim(G).
Similarly, we call w ∈ Fk homotopically surjective with respect to G if every
map in the homotopy class of w : G×n → G is surjective.
Question 4.7. Let w ∈ F2 be non-trivial. Is w : PU(n) × PU(n) → PU(n)
homotopically surjective for large n?
In order to study words which lie deeper in the lower central series, we
suspected in [37] that it might be helpful to oberserve that the induced word
map w : PU(p) × PU(p) → PU(p) does not only lift to SU(p) – which is the
simply connected cover of PU(p) – but lifts even to higher connected covers of
PU(p). Indeed, for example one can show that if w ∈ [F2, [F2,F2]], then the
associated word map lifts to the complex analogue of the string group.
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